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An instrumentoffairlysimpledesignformeasuringtimecorrela-
tionfunctionsoftwostationarysmdomelectricalsignalsisdiscussed.
Itisintendedprimarilyforuseinproblemsconnectedwithaerodynami-
callyproducedacousticfieldsbuthassuitab~epropertiesforapplicat-
ion to a ratherwiderangeof aerodynamicproblemsinvolvingturbulent
fields.Ithasbeendesignedandconstructedwitha viewto econoqand
simplicityofoperationandmakesextensiveuseofthegeneralstatistical
propertiesoftheproblemsforwhichitis intended.
A fewexperimentallydeternthedautocorrelationfu ctionsaregiven
inorderto imdicatethedegreeofaccuracyachieved,andtheFourier
transformoftheautocorrelationfu ctionof a randominputis compsred
withthepowerspectrumof
Somepracticalpoints
Inthedescriptionf
thessmefunction.
ofgeneralinterestsxediscussed.
llJTRODUCTION
randomfields,thecorrelationfunctionisan
importanttool. E u(i?,t) and v(;,t) aretworandomvariablesofa
stationary,statistic~ homogeneousfield,thenallquadraticmean
valuesof u and v aree~ressibleintermsofthecorrelationfunction
@2 -Fl,1-) = u(fl,t)v(~pt+ T) (1)
wherethebardenotesan ensenibleaverage,which,forthetypesofproc-
essestobe consideredherejwillbe equaltothetimeaverage.That
is,an ergodicpropertywilJ_be assumed.
Thespace:timecorrelationfunctiondefinedinequation(1)can,in
manycases,be reducedto a spacecorrelationwhenthereexistsa mesm
velocitywhichislargecompsredwiththefluctuations,forexsmple,when
turbulenceina streamoffluidis consideredandtherateof decayis
small.Thelargemeanvelocity6 permitstheinterpretationthatthe
,
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2measuringinstrumentssrepassed
sothattheapproMmatio”ncanbe
rapiw througha pattern
madethat
= 4(:2- F.+ tiT)
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ftiedintime,
(2)
This,however,isnotalwayspossible.
Recentlymuchinteresthasbeenexpressedinaerodynamically_pro-
ducedacousticfields.Heretheabovereductionisnotpossibleasthe
acousticdisturbancesarenotpropagatedatthemeanflowvelocitybut
atthespeedof soundinthemedium.Themeansquarepressureata point
canbe expressedfitermsofthespace-timecorrelationsoftheturbulent
fieldproducingthenoise,as is shown5nreference1. Thetechnique
of obta5ningspacecorrelationsstmplyinvolvestheuseoftwomeasuring
probesatdifferentlocations.3Mzroducingthet3medelayisthediffi-
cultpsrtoftheproblemjand fortheremainderofthepresentworkonly
thetimecorrelationftworandomvariableswillbe considered.
- additiontotheaboveexample,itispossiblethatincertaincases
ofphenomenaconnectedwithspectrahavingpredonrlnantl.ylow-frequency
contributionsitmsywellbe easiertomeasureautocorrelationthan
spectrum,sinceitisoccasionallydifficultto sepsrateresonancepeaks
fromcontinuousspectrawithlow-frequencyelectricalfilters.Sincethe
spectrumcanbe obtainedby Fouriertransformationoftheautocorrelation
function,here13esa furtherpossibleuseofthetimecorrelatcr.In
fact,someworkhasbeendoneinrecentyearsonthestudyofhem% beats
by meansoftimecorrelators.33 aerodynamics,somebuffetingproblems
fallintothecategoryof.verylowfrequencyphenomena.BytheWiener-
Khinchhrelations,ifthepowers~ectrwnof u(t) is f(a) andthe
autocorrela.tionfWCtiOIIiS $(T)= U(t)U(t+ 7),then
J03f(m) =; ~(T)COS CM dTo
JmlJ(-T)= f(m)cosal-amo (3)
,
—
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Thefirstessentialof”atimecorrelatorissomemeansofdelsying
anelectricalsignal(sincethemeasurablequantitieswiJJordinarilybe
obtainedintheformoffluctuatingvoltages).Two.fundamentallydif-
ferentapproachesexistandmaybe describedasfollows:
(a)Thesignalentersa “box”continuouslyandemergescontinuously
butdelayedintime. Thiswillbe designatedasthe“continuous”ystem.
(b)Periodicssmplesofthesignalaretakenandstoredina “box”
fromwhichtheyarerecoveredaftersomepredetermineddelaytime. This
willbe cslledthe“ssmpling”system.
Theapparatustobe describedoperatesonthelatterprinciple,and
theressonsforsucha choicefollowinthenextsection.“Sufficeitto
sayherethatthesignalstobe handledwillhavenearlysymmetricalprob-
abilitydistributions,anduseismadeofthisinorderto evolveas
simplea deviceaspossibleforapplicationtothecurrentaerodynamic
problemsmentionedabove.
ThisworkwasconductedattheGuggenhetiAeronauticalLaboratory
oftheCaliforniaInstituteofTechnolo~underthesponsorshipandwith
thefinancial.assistanceoftheNationalAdvisoryCommitteeforAero-
nautics.
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countingrateusedW storinga sample
nuniberstored,representinga sample
vectors;seesketchwithequation(2)
n@er of amplifierstsges
timeto fillcounterat n countspersecond
time
meanvelocity
stationaryandomvariables
additiveconstantsusedinderivingequation(~)
time-intervalrepresentationof a sample
recoveredthe-intervalrepresentationof a sample
actualinputvoltageusedinderivingequation(7b)
delaytime
V(+2- ?pT) space-theco~elationfunction
*(T) timecorrelationfunction
m
-U frequency
Subscripts:
m
max
N
o
T
vslueofa quantitysfterpassingthroughanaqlifier
noise
quiescentvalue
turbulence
.
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CHOICEOFSYSTEM
Thecontinuoussystemusuallytakesoneoftwoforms.h thefirst
ofthese,thesignalispassedthroughan electricaloranacousticdelay
13ne. Intheother,thesignalisrecordedonmagnetictape(oramag-
neticdrum)andrecoveredasthetapepassesa pickuphead,sothata
delayisintroducedqualto thetimeoftransitofthetapebetweenthe
recordingandpickupheads.
TheEssmp13ngsystemmsyalsotaketwoforms. In one,thesampleof
onesignalis convertedintoa number,whichisstoredin somesortof
counter,tobe recoveredlater.Intheother,thessmpleis converted
intoa pulse,oflengthproportionaltothevalueofthessmple,whichis
passedthrougha delayline.
To choosea systemtheshortcomhgsoftheelementsinvolvedmust
be discussedinthelightoftheexpectedapplications.Inlow-speed
turbulence,frequenciesofa fewcyclespersecondaretobe expected,
whileinaerodynamicnoiseproblems,suchasthoseconcerningacoustic
radiationfromboundarylayersandjets,itis conceivablethatfrequen-
ciesapproaching100kilocyclespersecondmaye=st. Correlationfunc-
tionswillthenbeexpectedtohavesignificantcontributionswithmax-
imumdelaysup to about0.1secondintheformercase,whileinthelatter
casetheimportantfeaturesmayinvolvemsx3mumdelsysof considerably
lessthan1 millisecond.
Clearlyitisnot133celythatonesingleinstrumentcouldcover
theserangeswithoutbecominga complicatedpieceofelectronicequip-
ment. However,by suitablecombinationsofthevsrioustechniquesit
ispossiblethata relativelysiimpleinstrumentcanbe constructedand
tithinexpensive_ications canbe madetohandleanyoneoftheranges
ata time.
Tousea taperecorderfordelayonemusthaveanelaboratemachine
havingmanyspeedramges“mdpossiblya“frequency-modulationsystemto
handleverylowfrequencies.Forthisreason,smdbecauseofthecom-
plicatedcompensationsystemsinvolvedasa resultofthefrequency
characteristicsofmagnetictapeandtheassociatedrecordingandpickup
he~, thetaperecorderwasruledout,althoughforcertainpurposes
ithssbeenfoundquitesatisfactory.
Thecontinuousdelaysystemusinganacousticlinewasrejected
becauseof sizeanddistortionwhenlongttmedelsysandlowfrequencies
sretobehandled.Fordelsysup to about1 millisecond,theelectrical
delaylineiscertainlyfeasible,butitisfeltt$atitsusewouldbe
moreeffectiveina samplingsystem,whereamplitudedistortioncanbe
overcome,aswillbe explainedpresently.
. . . -.+ ... .— —.— — -.—— —-- —.— —— -—– — -——
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Bytheuseof variousveryhighspeedelectroniccircuitsitis
yossibletotakea sampleof.almostanyelectricalsignal.Fortherange ‘1
offrequenciesmentionedabovethispresentsno hsurmmntableproblem,
but,aswillbe shownlater,forthetypesof signalsanticipated(i.e.,
signalshavingverynearlysymmetricalprobabilitydistributions)the ~
accuracywithwhicheachsampleismeasuredisoflittleconsequence,
onlytheconsistencyofoperationbeinghrportant.Becauseofthesta-
tisticalpropertiesof suchsignals,itispossible,aswtllbeshown,
to formanaccuratetime-correlationfu ctionevenwithrelatively“inac-
curate”sempHng.
Of ~ortsnce isthefactthat,oncea ssmpleistaken,itispossible
bymeansofa pulselength-modulationsystemto achieveshort(lessthan
1 milJ3second)elaysby theshpleexpedientof anelectricaldelsyline
andyetby meansofelectroniccounterstorageto “hold”a saqleaslong
asdestied,a weekbeingnoparticularproblem.
Thisflexibilityasregardsavailabledelsyrangesmakesthesamp~
systemd71nn3ctive.Thedisadvantageliesinthefactthatforlongdelays
involvingtheuseofa counter0D3.Yonesamplecanbeundergoingdelsy
ata time;consequently,onlya smallfractionoftheavailableinforma-
tionisusedandthe averagingoftheresultsisnmredifficult. J
A finalconsiderationinvolvesthemethodofformingthetimeaver-
Sge U(t)V(t+ T). ~ a COIItiIIUOUSSyS_bem_bhiSUSU~ hkeS thefOrm !,
ofa pairof squaringcircuits(e.g.,thermocouples)carryingoutthe
operation
——
(u+ V)2- (u-v)2.(u2+# +aY)-(7+7-aY)
b a saql@g system,ontheotherhand,thedelayedsamplearrives
eitherasa pulselengthorasa number(which,aswillbe discussed
later,issynonymouswithapulselength).Hencethesampleof u(t)
srrivesattime (t+ -r)ina formsuitablefor“gating”v(t+ T) for
a shorttimewhichisproportionalto u(t),thusproducinga sortof
pulsewhoseamp13tudeis v(t+ T) andwhosedurationsproportional
to u(t). Thesreaofthispulseisthendirectlygivenby u(t)v(t+ T).
T@ averagingprovidesthemeanvslue.
Itishopedthattheforego3ngdiscussionindicatesthattheonly
realpracticaldisadvantageofa saqlingsystemfortheproblemson
hand(i.e.,wheresignalshavingnearlysyametricalprobabi~tydistri-
butionsretobe correlated)srisesoutofthewastageof information ,-.
whenlongdelaysarereqrlred,necessi>atzsomewhatlongeraveraging
periods.IXthisdoesnotgiverisetounduedifficulty,it seemsto
be a smallpricetopayfortheconvenienceofwideflexib~3.ityndelay >
thes andeaseofmultiplication.
. —
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Onthisbasis,thesamp~ systemwaschosenanddesignedinprinc-
iple. Perhapsnotsurprisingly,itwassubsequentlyfoundthatsuchan
instrumenthadbeenbuiltattheMassachusetts~ tituteofTechnolo~.
(ref.2). Thislatter,however,isa verymuchmoregeneralandcompli-
catedsortof instrument,whiletheonedescribedhereinreliesheavily
onthestatisticalpropertiesoftheexpectedrandomfieldstobe dealt
withforitsaccuracyandsimplicity.
PRINCIPLESOF OPERATION
Theoverallfunctionoftheinstxnt istoperformthefollowing
operationontwostationaryandomvariablesu(t) and v(t):
W(T)= U(t)V(t+ T)
Forthesakeof clarity,anapproximatereatmentoftheprinciplesof
operationwillbe givenftist,followedby a moreexactanalysis.
ApproximateTreatment
Considera slowl.yvaryingfunctionoftime u(t). Attime tl let
therebe addedto u(t) a linearly&creasingvoltagek(t- tl). H
thevariationof u(t) duringthisadditionisneglected,thesumwilll
reacha predeterminedlevelE, aftera timeinterv~ M, givenby
u(tl)+ k5t= E
whence
M = g - *(tl)
U(tl) + k(t-
I
u(t) I I
+’ b-tL t
(4)
— —.. —— - -.— .—— .——— --
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IXa ptiegeneratorpkoducingpulsesattherate n persecondis
connectedto an.electronic‘ ounterof capacityN by a “switch”which
closesonlyduringbt,theoperationmsybe denotedby
where
.
‘1 =n5t
M
Clearly,bt doesnothavetobe an
pulsespacingl/n,butif n isassumed
verynesrlyexact.
nl
(5)
integralnumberoftimesthe
largeenoughequation(5)is
Thedelaytime T msy be generatedby pickingoffa pointonany
monotonicallyrisingvoltagewhichsttisattime tl. Forexample>a
slowsawtoothcanbe used. Thetime T canbe variedby raisingsnd
loweringthepickoffvoltage,andattime (tl+ T) a signal,suchas
a sharppulse,canbe generatedto initiatethemultiplicationof U(tl)
by V(tl+ T). .
—.— ——
I
t~ tl+t t
Thisprocess2scarriedoutas follows:
At time (tl+ T) theswitchbetweenthepulsegeneratorandcounter
isagdn closed,sothatdigitsarefedintothecounterattherate n
perseconduntilthecounterfillsup to itsmsx5nmmcapacityN, atwhich
timeitresetsitselfto zeroandopenstheswttch,turdngoffthesupply
ofpulses.Thetimetakenforthisfilling-upprocessis‘givenby
Forconvenience,a time T maybe defhedtobe thetimeitwould
taketo fillthecounter,startingfromzero,ifthepulsegeneratorwere
continuouslyconnectedto it. ClearlyjT = I?/n,whence
5t*=T-5t (6)
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Suppose,now,thatthereisan outputerminalwhichis connected
to v(t) O- during8t*. Neglectingthevariationof v(t) during
M*, thisterminal.tillcaxrya pulseofapproximatelyrectsngulaxshape
whosesmplitudeis v(tl+ -r)andwhosedurationis 5t*. TIEareaof
thispulse,then,isgivenby
A= 5t*v(tl+T)
Usingeqmtions(6)and(4),
[( )A= T- 1~+*u(h)v(tl+-f)
/ -—. - —-
/
t
*
-1‘t’t-
Finally,if A isaveragedovermanyrepetitionsoftheprocess
anditisassumedthat v(t)= 0,then
A=~u(t)v(t+r) =~~(T) (7)
If u(t)s v(t),thentheautocorrelationsobtained.
MoreExactTreatment
.
Havingestablishedtheprinciplesof operation,a moredetailed .
_siS willbefollowed.Heretheessentialdifferencewillbe that
thevariationof u(t) and v(t) willbe takenintoaccountby inclu~
thelinesrtermsoftheTaylorexpansionsof u and v aboutthepoints
t = tl and t = tl+ T,respectively.Mdd-W3useofthefactthatthe
distributionfunctionsof u and v .menesrl.ysymmetrical.,itwillbe
shownthatthefirstcorrectiontermineqpation(7)involvesthesecond
derivativeof *(T).
Withthesamentieringsystem
section“ApproximateTreatment,”
U(tl+ bt)
fortheequationsaswasusedinthe
+k5t=E
-. ——. —.-—-z. .——
——— .—. ..— ——..
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whence,writingu(tl+ bt)= u(tl)+ Mu’(tl) md ass- k>> u’(tl)
(thisisa practicalrequirement),
bt=g 4 tl) Up’.— -.Ll(tl) +k k2 k2 (4a)
Let
‘1 =n(~t -6) (5a)
where O ~ e <} andwhere nl isan integer.Thenumberegistered
duringbt maythenbe nl withprobability1 - ne and nl+ 1 with
probabilityne. Thatis,thereisanuncertaintyofonecountinthe
numberstoreduringM. Thisisaldntotheproblemofmeasuringthe
distancebetweentwopointswitha rulerhavingveryfewgraduations.
If,forexample,thepointsare2.7inchesapartandtherulerisgrad-
uatedM inches,thenumberofgradationsappesringbetweenthepoints
willbe eithertwoorthree.Nowitiseasyto showthat,iftheruler
islaidacrossthepointsmanytimesatrandom,thenwiberstwoandthree
willoccurwithsuchprobabilitiesthattheaversgeresultwillbe2.7.
Infact,ifthegraduationmarkshavea width w, snda graduationis
countedifanypartof itappearsbetweenthepoints,thentheaverage
resultwillbe 2.7+ w. Thewidth w correspondsto finitewidth
pulsesandmerelyaddsa constantotheresult.
Sincethecountingrate n isveryhighcomparedwiththerateof
samplingandthesetwoarenotinanywaysynchronized,itmaybe said
thattheinterval5t islaidonthecountingpulsesatrandom.Ifonly
linearexpansionsof u and v sretobe considered,itmaythenbe
saidthattheexpectedvalueof nl is n M andtheexpectedvalue
of M* isgivenby
~-@=T-~t (6a)
Theareaunderthe v(t) curvepresentedur5ng8t* wiXLthenbe
rtl+T+bt*A= v(t)dt
‘tl+T
and,usingtheIinesrexpansionfor v(t),
rtl+T+5t*A= [ 1V(tl+ T) + (t - tl - T)V’(tl+T) dt“ _bl+T
= V(t~+ T)bt*+V’(tl+T)~
NACATN3682
Hence,
u
I
whichisevaluated
considered,giving
A=;
= V(tl+ T)5t*+
intheappendix,
theresult
{
constant+ V(T)
(5t*)2V’(tl+ T) z (7a)
forthetypesoffunctionstobe
+ O [fi’’(T)]+ l . l
I
(n)
.
Theoutputcircuitofthecorrelatorisactuallya balancedcircuit
inwhichtheconstantermiselhinated.
As a test,thecorrelatorwascheckedontheautocorrelationofa
squarewave,sincethishasdiSCOntinIIitieSin IJ(T). ~is willbedis-
cussedlater.
DESCKOWIONOFCIRCUTT
Thecircuitconsistsof chains‘orloopsofrelativelysimple le-
ments,eachofwhich’performsoneoftheoperationsdescribedinthe
sectionentitled“PrinciplesofOperation.”Theinstrumentincorporates
slightlymorethank vacuumtubes,mostly6AK5miniaturepentodes,
m, ~~ and55@ mtriodes, and6AL5twindiodes.Thesewe
employedin suchwell-knowncircuitsthatlittlewillbe saidaboutthem ‘
andno circuitdiagramwillbeattempted.The”onlycriticaladjustments
me readilymadewiththeaidof a gooddirect-coupledoscilloscope(which,
incidentally,ispsrtoftheequipment,beingusedforsettingthedelays).
As thecriticaladjustmentsdependontheexactmodeof construction,a
circuitofthepresentsetupwouldbe uselessforanyotherarrangement.
Considerablethoughtwentintothearrangementofthecircuitloopsin
orderto insurethefastestpossibleoperationoftheelements,and,for
example,thediode-coupled5963scale-of-twoc unterstorageoperates
verysatisfactorilyat300kilocyclespersecond.
A pointperhapsworthmentioningisthat,inthiscircuit,the
flip-flopsaredriventhrougha sepsratediodeforeachoperation;hence,
inthefirstplace,theycannotbecomeconfusedand,further,their
transitionsfollowthesharpedgesofthetriggeringpulses.Thefast
risesattheplatesareneverrestrainedby thetailofa pulse.Twin-
triodeflip-flopswerefoundperfectlysatisfactory.Voltagediscrim-
inators,ontheotherhand,werebuiltfrompairsof 6AX5vacuumtxibes.
To avoidconfusion,.thecircuitelementswi.11be defined,andthe
syabolsusedintheschematicdiagram(fig.1) areasfollows:
. .. .. —. .——.— —z ~—— ___ ___ -.._ ———— .—
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(1)ADD,adding-network:Passive-resistancenetworkgivingan out-
putproportionaltothem“ oftwocmmme inputs.
(2)AV,averager(ortitegrator):A devicewhichformsthettie
average.(orintegral)ofthetiputsignal.
(3)C, counter:Chainof scales-of-two(sixinthiscase)which
putsouta pulsewhenitisfuJi(~ counts).
(k)D, discriminator:Circnql.thavingtwostablestates,determined
“bytheinputvoltagebeingaboveorbelowa predeterminedvalue.The
circuitputsouta pulseattransition.
(5)m, flip-flop:Circuithavingtwosteiblestateswhichistrig-
geredby an inputpulse.Outputvoltagehastwopossiblevalues.As
usedinthissetup,theinputsareseparated.
(6)GA,gatedamp~ier: Amplifiertowhich v(t) isappliedand
whichgivesan outputof zeroexceptwhenitisgatedopenduringM*,
whenitsoutputisproportionalto.v(t).‘Inthecircuititisactually
a differenceamplifierhavinginputsv(t) and -v(t)andisgatedvia
thecomon cathoderesistor.
(7)m, the base(orlinearsweepgenerator):Circuitwhichpro-
ducesa voltageincreasingfromzerolinearlywithtime. It is started
by an inputpulseandstoppedaftera timedeterminedby a gatinglnibe
withinthecircuit.
(8)V, direct-cmentvoltagesource:Potentiometerto giveadjus-
tablesteadyvoltageforsettingsignalevels.
(9)M, tier (orcoticidenceircuit):Circuitproducinga ftied
outputwhenbothtiputscoincide— actsas a switchbetweenthecontin-
uouspulsegeneratorandthecounter.
(10)O, oscillator(orpulsegenerator):~-kilocycle-per-second
oscillatorfollowedby an amplifierwhichsuppressesthenegativehalves
ofthewaves.Thisisthecountingfrequencyn persecond.
Theoperationoftheinstrumentcentersmundtheflip-flopFF1.
(Seefig1.) An oscillatorsuppliesthesampldngfrequency,anda dis-
criminator~ picksoffa pointoneachcycleandfromitproducesa
pulsewhichinitiatesonecycleofoperation.Botht~ basesaretrig-
geredby thispulse,andtheflip-flopFFl istripped,causingthe
mixer M to feedthecount- frequencyfromtheoscillatorO tothe
counterC.
NACATN3682 13
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The fastt--base outputisaddedtotheinputu(t) amdwhenthe
sumreachesa fixedvalueE thediscriminatorD2 retriggersml)
cuttingofftheoscillatorO fromthecounterC andleavingC with
a certainmiber egistered.
Meanwhile,theslowtime-baseoutputcontinuesto rise,andwhen
itreachesa presetvalue,determi.nedbythetriggeringlevelofthe
discriminator
z
andtheadditivevoltageV, thedelsypulseisgen-
erated,oncesg triggeringFF1 andsupplyingthecountingfrequency
throu& M to C. Flip-flopFF2 followsFFl throughthisP- of
thecycle.
This state continuesuntilthecounteris “full,”and,as itreturns
to zero,itsendsouta pulsetoreturnboth FFl and FF2 to their
initialstates.
So far, FFl hasgonethroughtwocycles,anditwillbe observed
that FF2 followsitonlyonthesecondcycle.Flip-flopFF2 drives
a cathodefollowerwhoseloadresistanceisalsotheccmmmncathode
resistanceofthedifferenceamplifierGA. ordinar~ GA iScutOff,
butwhen FF2 followsFFl on itssecondcycle,GA allows v(t) to
pass,thusproducingan outputapproximatelydescribedbybt%(t+ ‘r).
Finally,averaging,or integratingovera periodoftime,forms
*(T) asdescribedinthetheory.
Averagingwasfirstaccomp~shedbyconnectinga loq.g-periodballis-
ticgalvanometersacrosstheplatesofthedifferencesqilifierGA. The
plateloadsoftheamplifierwerebypassedwithlargecapacitorsin or~r
to effectpsrtialaveragingbeforetakingtheoutputothegalvanometers.
Thisarrangementprovedqyitesatisfactoryforperiodicinputsbutwas
whollyunsatisfactorywhentriedonautoconelationfa turbulencesignal..
me nextsteptakenwasto constructw froma pairof6AK5pen-
todesoperatingon90volts,withtheloadresistcmsremovedandpurely
capacitiveloadsinstalled.Abias of20voltswouldreducetheplate
currento about1/100microamperesothatlittleleakagetookplace
during“off”periods.By chargingtheplate-loadcapacitorsepeate&ly
for30 secondsanddischargingeachtimeintoa ballisticgalvanometers,
itwasfoundthatgoodaveragescouldbeobtainedwithfrom5 to 10min-
utestotalinte~ationtime. Inorderto dothis,10-megohmplateresis-
torswereusedwithO.1-microfaradcapacitorsbypassingtheretoa point
heldatthemeanplatevoltage(toreduceleakagevariations].A KW-ohm
resistorandO.1-microfaradpolystyrenefib capacitorwereconnectedin
seriesacrosstheplates,andthevoltageacrossthecapacitorwastaken
to anelectrometertubeoperatingas a cathodefollowersnddrivinga
.
— ..- — .——
_-..— —-—
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microsmmeter.Thislatter,partisessentiallythe“microvolter”described
by theVictoreenInstrumentCo.h Itselectrometer-tubecatalog.The -,
microvolterandthebatteryforthegalvanometerslamparesetonpsmffin
blocksandallconnectionsaremadewithcotton-cov~edwireboiledin
pardfinwax*
Theinte~atingresistorandcapacitorareactuallyincorporated
inthemicrovolteralongsidetheelectrometertube, Thetimeconstant
ofthesystemisl% minutesandeither5-or10-minuteintegrations
sreused. Theresultspresentedhereforrandominputweretakenwith
s-minuteintegrations.Ifthesametimeisusedforeachreading,the
resultscm beusedtiectly~sincesomeformofnormalizationwill
determtnethescale.
Theoperationoftheintegratorwasso consistentthatitwasused
alsointhespectrumeasurementsakento checktheautocorrelation
curvediscussedlater.Theoutputmeterofa Hewlett-l?ackardheterodyne
wavean&zer wasreplacedby a 2,200-ohmresistor(toincreasetheout-
putvoltage).Theinte~atorwasconnectedacrosstheresistorin
serieswithtwoS-megohmresistorsandallowedto integratethevoltage
fors-minuteperiods,completelyeliminatingthedtiiousprocedureof
tryingto guesstheaveragepositionofthedancingmeterneedle.
Possiblemodificationstothecorrelatorasa wholemightinvolve
thereplacingofthecounterstorageby a delaylineforveryhighfre-
quencysignals,atwhichti.methessmplingprocesscanbespeededup.
Moreaccuraterepresentationofthessmplewouldbepossiblewithouthe
digitalstorageandmorethanonesamplecouldbepresentinthelineat
onetime.
Forveryshortdelays,withtheinstrumentas it stands(e.g.,for
thestudyof correlationsear T = O),a systemof interlacedCmtiUj
pulses derivedfroma squarewavecouldbeusedtoallow M* to overlap
5t to someextentandhenceremovetherequirementthat bt be com-
pletedbeforeM* cm st~.
Forverylongdelays,eachindividualproductu(ti)v(tii-T) could
be integratedsmdtheresultsaccumulatedina digitalmemory.
Severalvariationsareundoubtedlypossibleto covervariousrequire-
mentsastheysrise.~ eachcase,of course,theImitationsofthe
instrumentmustbe considered.
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SOMEl?RAcTmALIErAIIs
Inthesectionentitled“PrinciplesofOperation”a quantityA
wasdefined.Itistheoutputofthecorrelatorpercycleof operations
andmaybe thoughtofasan’essentiallyrectangularpulseof.current.
Therearecertainphysicslimitationsto itssize.Itsaverageduration
willbe halfthetill--uptime ‘1 ofthecounter.Witha countingrate
of300kilocyclespersecond a storsgecapacityof 64, T/2 isof
theorderof 10-4second.Iftherateof samplingisabout100persecond,
thenthe“dutyratio”will.beabout10-2.Thatis,theoverallaverage
currentwiKlbe about1/100oftheaveragecurrentperpulse.To give
somevalueswithoutgoingintothedetailsofthechoice,theoutput
pulseiedrawnbya tubefroma loadconsistingof 10megohmsbypassedhy
0.1microfarad.Fora meanvoltagedropof100voltsacrossthisresistor,
themeancurrentwillbe 10-5ampere.Theaveragecurrentperpulse,then,
willbe 10-3s@ere or 1 milliampere,whichisa reasonablevalueconsid-
eringthatthetubemustbe operatedatfairlylowvoll%..gesh orderto
obtainsmallleakagewhenitis cutoff.
Byusinga balanced-circuitarrsmgementthismeandropof100volts
is canceledout,anditisof interesto iuqtieby howmnchit changes
whenthecorrelationcoefficientgoesfromO to 1. Thesituationmsybe
visualizedas shownintheaccompanyingsketch.
t
Current
h
.-— —-—
v distribution
*
Time
u distribution
_—-_ _——
.
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Thesolidrectangleshowsthemaximumsizeofa pulse,itsminimumsize
beingzero.Withzerofluctuatinginput,theshadedrectangle~ is
.
—
obtained.Thedistributionsofthesignals
timeandcurrentaxes,respectively,andthe
stantsmentionedinthetheoryshouldnowhe
fractionalchangeti Ao is so~ty no loss
choosingequalscalesfortimesmdcurrent.
u and v aredrawnonthe
meaningoftheadditivecon- 11
appsrent.Sinceonlythe
ofgeneralitysrisesfrom
Supposethat v - u andnotimedelayisintroduced.Thatis,
— —
theinstrumentistoform 4(O)= u(t)u(t)= u2(t) (which,incidentald.y,
itcannotdo,sinceitisnecesssrythat T be ~eaterthan btmax).
Thiswouldrepresentthemsximumchangeinoutputexpected.
Nowinturbulenceitisa fairlygeneralresult hatthepeaksof
thesignaliewithin fourlxtmestheroot-mean-squarevalue.Hencethe
gaincontrolsontheinputscanbeadjustedsothatthepeaksjustcause
therectangletorunbetweenthemsximumvalueandzero.Henceeach
rectangleisgivenby
A=(&+u)2
when v - u smd T= ().Hence~=~+~ and,fromtheabovestate-
ment, @=h/8 sothat~=h2/6h while ~=h2/k. Consequently,
Forlinesroperationitisnecessaryto
perpulse-toinsurethat v(t) nevercauses
closeto cutoffduringthe“on”period.so,
aboveestimateswouldindicatea meanchange
100/16volts,itismoreretisticto expect
havesomeextracurrent
thetubeto operatetoo
inpractice,althoughthe
inplatevoltageof
onlyabout3 volts.For
a b&lancedcircuithechangeisdoubled,withtheresultthattheunity
correlationcoefficientof a turbulencesignalcorrespondsto a mean
outputofsomethingl_ike6 volts.Tbisis sufficientto givegoodaccu-
racywiththeintegratingcircuit.
A USEFULTRICK
Jntheestimatecarriedoutinthesection“SomePracticalDetails”it
wasassumedthatthepeakofa turbulencesignaldoesnotexceedfourthes .
itsroot-mean-squarevalueanditwasassumedthatthesignalevelcanbe
adJustedtothepointwheresucha peakvaluewilljustfillthecounter
storage.Thisisonlyapproximate,andan occasionalpeakwillcausethe .
3J
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counterto overfill,withtheresulthatata countof & itreturnsto
zeroandstartsagain.Consequently,M*, whichshouldbe negativein
sucha case(animpossibiMty, of course),comesoutratherlargeand
positive.Ifmanypeakswhichgiveriseto thisphenmnenonoccur,con-
siderableerrorwillresultanditwouldbe moreaccurateto clipthe
signslsothatsucha highpeakwouldleadto ~t*= 0.
Inreference3 itis shownthatforcrosscorrelationsofGaussian
signals,H onesignalis clipped,nomatterhowseverely,thecorrelation
remainscorrectexceptfora constantfactor.Turbulencedistributions
donotdeviatefarfromGaussiandistributions;hence,a certainamount
ofpeakclippingshouldbe tolerable.Sucha step-leadsto lsrgeroutputs
fromtheinstrumentforthesamecorrelationfunction,and,up to a point,
theaccuracyisimproved.
Aheadofthe u(t) attenuator,a boxcontainingfour1*voltcells>
twogermaniumdiodes,andsuitableresistanceswasinsertedintheline
to limitthepeaksto approximately~3 volts.Thesmountof clippingis
determinedby thegainofthesmplifiersupplyingthesignal,andan
attenuatorinthecorrelatoradjuststheresult o suitthecounterstorage.
Thecheckresultonturbulencewascarriedoutusing
TIMECORREIATORINPRACTICE
EffectofIOw-lKcequencyCutoff
Inthepresentsectiontherelationshipbetween
thiscrudeclipper.
the
ofa fluctuatingvelocitycomponentina turbulentfluid
autocorrelation
flow(e.g.,
downstreamofa grid)andthatobtainedfromthecorrelatorby”a@nzing
thesignaldeliveredby a properlycompensatedalternating-currenthot-
wiresnrplifierwillbe discussed.Thefollowingquantitieswtllenter
thediscussion:
Theturbulencespectrumf(m) will
J
m
f(m)dm=
o
and f(o)# o.
be suchthat
Theautocorrelationofthefluctuatingvelocityu willbe
W(T) = U(t)U(t+ T)
.—— —.—~ .. ———. _
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These arerelatedby
J
m
f(m)= ; ~(T)COS UT dT
o
and
J’ mV(T) = f(m)cosm dmo
Itmaybe notedthat V(O)= u~.
Ietitbe assumedthatthethe correlatorisperfect.It“dl-L
thenformtheexactautocorrelationfthesignalitreceive,frcm;he
hot-wireamplifier.Thissignaiwill,ingeneral,differfromt-~.etur-
bulentvelocityin some3mportantrespects,primarilyasa resultofthe
low-frequencyutoffofthehot-wirewnplifier.
~ theoutput~ oftheamplifierisrelatedto itsinput U1 by
therelation
where h(O)= O,thentheeffectoftheamplifier
termsof h(a).
Usingsubscriptm to denote%eastied”(or
later”),
fro(m)= h(m)f(m)
so”that
Jm~m(T) = h(m)f(m)coscur&oo
and
J’G =~m(()). mh(m)f(m)dmo
.3
maybe expressedin
“enteringthecorre-
Theamplifierscommoninturbulenceworkhavelow-frequencyresponses
whicharelevel”downto lessthan1 cyclepersecond;consequently,there
isnotmuchdifferenceb tween%2 and ~, orbetweenVm(0) and V(O). ‘
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However,sinceh(0)= O, soalso fro(0)= O,withtheunfortunate
resultthat,while
fortheactualturbulence,
forthemeasuredsignal.
Thereis,of course,someargumentastowhetherf(0)= O ina
windtunneloffinitesize,butcertainlythecutoffoccursatfractions
of1 cyclepersecondmuchsmallerthantheamplifiercutoff.
Assuminga powerspectrumwliichapproachesf(0) horizontally,
theeffectofansmplifierwhoselow-frequencyqtoffisessentially
containedwithintheregionwhere f(o)- f(0) csnbe derivedasfollows:
Itfollowsthat v(o)- *m(o)
f(o) isapproximatelyequalto thefractio~
lossofener~ duetothelow-frequencyutoffoftheamplifier.This
isusuallynegligible-inhot-wireanemometryequipment.
TO obtaintheeffectsforlsrgevaluesof T the compuba..ion can
be carriedthroughfairlyeasilyforthecaseofa “white”spectrum,
andthisshowstheessentialfeatures.TheamplAfiermaybe takento
be onehavings stages,eachinvolvinga resistance-capacitycoupl.@
oftimeconstantc. Thatis,thecouplingthe constantisthesame
forallstagesthroughouttheemplifier.Then
f(u)= f(o)= constant
k)
~2c2 s
h(u)=
+ 0%2
. —. . .—— _______
—. — —-—— —.
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~(T)-~m(T)
f(o)
= J%- (*’S} C”SWW
= J“ {+.J}cosmm
whereb = l/c2.
,
Integratingby parts:
~2
Now,as u-“, -1, and,as
b+&
a+o, sinW+ O sothat
thefirsttermvanishesatbothlimits.
Therefore
ThisFouriersinetransformcanbe foundinreference4. It is
necessarythat O ~ (2s- 2).=2s,whichisautomaticallysatisfied,and
that Iargbl< n. Sinceb . l/11$’isrealandpositive,thelatter
issatisfiedalso.
Then
( )~-~=~(-l)2s-lfi ds bs.-le-bl/~f(o) T “: 2 &s
( )--b as bf3-&-@/<T“! fiS
Usingtheexpressionforthesthderivativeofa product,thisbecomes’
,4
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whichisoftheform
*
V _-fib~.bl/2~fo T ( )~T+U.#+. ..+ USTs
=
-b e-bl/%~ + ~. + . . .+ c&l)(
By substitutingx = bT2 it canbe seenthatthemn?iberofzerosof
thisfunctionisthessmeasthatof
Hence *-lm
m
ti~ crossthe T
approachzeroas T+W. Thisfeature
resultsinreferences5 and6.
( ).& #-le-~dx’ ,whichis (s- 1).
axis (s- 1) timesandwill
isnoticeableinsomeof
Forthesimplecaseofa singledcmdmatingtimeconstant,
the
‘=1
whichisa monotonicdecreasingfunctionof T. Itrmstbe remenhred
thatthiswascomputedfora whitespectrumandhenceisnotvalid
near T = O.
SeparationofAcousticRadiationE&amTurbulence
Ina turbulentfluidmotionthatpartofthefluctuation
whichtravelsatthemeanstresmvelocitymsyconvenientlybe
field
defined
asturbulence,whilethedisturbmceswhichtravelatthelocalsound
velocitymaybe consideredasnoise.Whenthisisdone,thetwopsrts
csmbe separated,assumingthattheacousticfieldconsistsofplsne
wavestraveling in onedirection,asfollows:
Considertwohot-wiresplaceda distance& apartsmddined
withthemeanflowvelocity”U. Lettherebe plaaeacousticwaves
travelingatvelocitya.alsointhedirectionof U, andassumethat
therateofattenuationfthesewaves
+~4
l
: xl
Thefluctuationvelocityconsists
U(x,t) = Uy(x,t)
is small.
H-H“ ua
oftwopas:
+ UN(x,t)
—.—. . . ..—..—— ———— ———. .—-— —.. . —-. ———
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wherethesubscriptT denotesturbulenceand N
‘(+ =+,t +
wherethedecayof ~ isassumed
Let
V(T) =
=
=
u(x2,t)u(xl,t + T)
)[~+uN+jt+
negligibleover
Ur+2,t)UN(+,t + T +%) +
IfuTandu~
enoughsothat
T ~ O, SOthat,
areindependent,hen
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denotesnoise.Then
h
w )
k.
( )uN(x2,t)uNXa,t + T + & +
‘d+’+’t + T+%)
~~(T‘9 +‘dT+%9
VTN=VNT=O” If Ax islsxge
approximateely,
( Ax)$( T)= V~T+—
Alternatively,itmaybe saidthat,
is zerofordelaysgeater thanorequal
suchthat & = UTO. Then $(-r)= V~(7
Machnumber.
a]
iftheautoconela.tionof ~
tO To, & mustbe chosen
+ MTO),whereM isthelocal
As anexample,considerisotropicturbulenceatatmosphericpressure
withfree-streamU = 1,000centimeterspersecond.Producingthetur-
bulencewith,say,a l/2-inchgrid,itwouldhavea characteristicme
ofabout1/2millisecond.So ata 10-milliseconddelaytheautocorrela-
tionshouldbesensiblyzero.Thatis, & shouldbe about10 centimeters.
Since a = 33X 1~ centimeterspersecond,M = 0.03 and T&f = 0.3
millisecond.Delayingeitheru(xl,t)or u(x2,t)enablesthewhole .
autocorrelationcurveofthenoisetobe obtained.
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Thecorrelator,as it stands,hasbeentestedon she ~ves, square
waves(which,of course,givediscontinuities~-thederivativeof $(T)),
andonturbulenceb hinda grid.Theseresultsareshowninfigures2,3,
and4. Sincethecorrelatorisnotdesignedtotakesquarewaves,the
discrepanciesnearthenegativepeaksinfigure3 aremostlikelydueto
asymmetricaldistortionofthewaveform.
Figbre4 showstheresultaftera turbulencesignalhasbeenpassed
throughanamplifierhavingonedominantshorttimeconstant.Theexper-
imentwasactuallycarriedtomuchlargervkluesof T,and,within
experhentalaccuracy,a second.crossingoftheaxiscouldnotbe detected.
Itthusbearsoutthefeaturesdiscussedinthelastsection.
Figure5 showstheFouriertransformoffigure.kplottedalongwith
themeasuredpowerspectrum.
CONCLUDINGREMARKS
Whentheeffectsofati~sry equipmentarenotforgotten,thethe
correlatwappearstobe satisfactoryforworkinturbulentflows.For
boundary-iayerstudiesof.thetypewhichmightarise’inacoustic~adkation
problemsomemodificationsmsybe necessary.By defininga timescsle
froma characteristiclengthandtheflowvelocity,anideaofthesignifi-
canttimedelayscanbe obtained.Thegridsizeintheplotofautocorela-
tionofturbulencewas&out 1/2centimeterandtheflowvelocity,cibout
10meterspersecond;hence,thetimescalemaybe takenasl/2mCllisec-
ond. Themaximumdelayrequiredisabout10timesthisvalue.Carrying
outthesameesthatefora boundarylayerona flatplate10 centimeters
longata Reynoldsnumberof5 x 1P andforminga timescalefromthe
boundary-l~erthichessandtheflowvelocity,oneobtainsa valueof
~out 100microseconds.Maximumdelaysofabout1 millisecondmightbe
required.If so,therateof ssmplingcouldbeincreasedfivetimes,while
thespeedwithwhicheachsampleistakencouldbeincreasedcorrespond-
~YI sothatthedet~s of~gher frequmq cqonents couldbecaught.
That isto SSY,asthephenomenoncontainshigherandhigherfre-
quencies,thetimescaleshouldgodown,andtheappropriatechanges
tothecorrelatorfitittothetask.
Instrumentationnthewsyofprobestopickup suchphenomenais
underconttiualdevelopment.
CaliforniaihstituteofTechnology,
Pasadena,California,July11,1955.
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Thederivationfequation(7b) isgivenbelow:
(5t*)2~’=V(t+ T)&& + V’(t+ T)- p (7a)
Substituthgfromequation(h) intoeqyation(6a),
W* = (T-E/k)+ (1/k)u(t)+ (E/k2)u’(t)- (1/k2)u(t)u’(t)
or
kbti= (Ml- u’(t) u(t)u’(t)E)+u(t)+E~- — k
Squaringandnegleclxlmg.termscontaining[ 1.N’p)2,
(M?- E)u(t)~ + Eu(t)~ - u2(t)~
Henceforthitwill.-be understoodthat u and u‘ me evaluated
at tywhile v and v’ We eVd.Uatedat (t+ T). So,
wheresecond-ordertermsin % andg havebeenomitted.
4J
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Since u and v arestationary,
~u(d =
therefore
*U’(T)=
and
%-@ =
therefore
U(t)V(t+ T) = U(t - T)V(t)
U(t)v’(t+ T)
U2(t)V(t+ T)
25
randcmsignalsy
-U’(t - T)V(t) = -tl’(t)V(t+ T)
U2(t- T)~t)
421’(T) = u2(t)V’(t + T) = +2’U(t - T)U’(t - T)V(t) = -2Ll(t)U’(t)V(t+ T)
hence
kl=(Ec -
Fromtheprinciples
v sreal~s positive.
ofoperationit shouldbe clearthat u and
Theactualinputs,however,havezeromean
valuesand&fficientlylargeconstantsareaddedto theseintheinstru-
ment. lettheactualinputvoltagesbe ~ and q,suchthat ~ = ~ = O,
andlettheadditiveconstantsbe X and Y. Then u= X+~,
v= v+~, and
=const@ +fi+(2E-ldI - 2X)Q-2q
Inoperation,theadjustmentsaresuchthat,approxdmatel.y,ICC= E
snd 2X=E.
so (2E-kT-2X).=O andthepresenceof ~‘/k inthecorrela-
tionmakesthistermof smallerorderthan fi. lhreference7 it is
shownthatforautocorrelati.on(~s ~)thistermwouldbe identically
zerointhecaseofturbulence.Reference8 showsthat,forrandom
variableshavingsymmetricalprobab~tydistributions,odd-ordercor-
relationsarezero.Turbulence,of course,isnotquitesymmetricalin
thederivativesofthefluctuatingvelocities,butthedeviationisnot
lsrge.Hencethelasttermcanbe assumednegligible,particularlyas
k appearsinthedenominatorherealso.
.—. .— .. ..— .— — ——
.—
—— . .
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Hence,tofirstorder,oneobtains
Nowthattheadditiveconstantshavebeenabsorbedintooneconstant,
uandv~y
maybe resumed
Itisnot
be consideredastheactualinputsaudthenotation -
V(T) = U(t)V(t + T)
whereitisnowunderstoodthat
hsrdto seethata second-order
a=?=o.
correctionwi12giverise
totermsoftheform ~k2, u’v’/k2,~7k2 , andsoon.
Thesesretheseconderivativesof $(T),sothattheexpression
for ~ maybewritten
or,sinceZ/k=T,
{ [}
ii = ~ constant+ V(T)+ O @’(T)] (n)
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